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MODULI OF FRAMED SHEAVES ON PROJECTIVE SURFACES 



1. Introduction 

There has been recently some interest in the moduli spaces of framed sheaves. One 
reason is that they are often smooth and provide desingularizations of the moduli spaces 
of ideal instantons, which in turn are singular [171 [191 [18]. For this reason, their equivari- 
ant cohomology under suitable toric actions is relevant to the computation of partition 
functions, and more generally expectation values of quantum observables in topological 
quantum field theory [201 EJ [D2, El [3]. On the other hand, these moduli spaces can be re- 
garded as higher-rank generalizations of Hilbert schemes of points, and as such they have 
interesting connections with integrable systems [12 H], representation theory [26], etc. 

While it is widely assumed that such moduli spaces exist and are well behaved, an explicit 
analysis, showing that they are quasi-projective schemes and are fine moduli spaces, is 
missing in the literature. In the present paper we provide such a construction for the 
case of framed sheaves on smooth projective surfaces, under some mild conditions. We 
show that if D is a big and nef curve in a smooth projective surface X, there is a fine 
quasi-projective moduli space for sheaves that have a "good framing" on D (Theorem 13. II) . 
The point here is that the sheaves under consideration are not assumed a priori to be 
semistable, and the basic idea is to show that there exists a stability condition making 
all of them stable, so that our moduli space is an open subscheme of the moduli space of 
stable pairs in the sense of Huybrechts and Lehn. 

In the papers [2H E2] T. Nevins constructed a scheme structure for these moduli spaces, 
however we provide a finer analysis, showing that these schemes are quasi-projective, and 
in particular are separated and of finite type. Moreover we compute the obstruction to 
the smoothness of these moduli spaces (Theorem I4.3p . In fact, the tangent space is well 
known, but we provide a more precise description of the obstruction space than the one 
given by Lehn [H]. We show that it lies in the kernel of the trace map, thus extending a 
previous result of Liibke [15] to the non-locally free case. 

In some cases there is another way to give the moduli spaces Wl(r, c, n) a structure of 
algebraic variety, i.e., by using ADHM data. This was done for vector bundles on P 2 by 
Donaldson [5], while (always in the locally free case) the case of the blow-up of P 2 at a 
point is studied in A. King's thesis [13], and P 2 blown-up at an arbitrary number of points 
was analyzed by Buchdahl [4]. The general case (i.e., including torsion-free sheaves) is 
studied by C. Rava for Hirzebruch surfaces [M] and A. A. Henni for multiple blow-ups of 
P 2 at distinct points [7]. The equivalence between the two approaches follows from the 
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fact that in both cases one has fine moduli spaces. On the ADHM side, this is shown by 
constructing a universal monad on the moduli space [23|, [25] . 

In the final section we discuss some examples, i.e., framed bundles on Hirzebruch surfaces 
with "minimal invariants", and rank 2 framed bundles on the blowup of P 2 at one point. 

In the present article, all the schemes we consider are separated and are of finite type 
over C, and "a variety" is a reduced irreducible scheme of finite type over C. A "sheaf" is 
always coherent, the term "(semi)stable" always means "//-(semi) stable", and the prefix \i~ 
will be omitted. Framed sheaves are always assumed to be torsion-free. 



2. Framed sheaves 

Let us characterize the objects that we shall study. 

Definition 2.1. Let X be a smooth projective variety over C, D C X an effective divisor, 
and £d a sheaf on D. We say that a sheaf £ on X is [D , Ed)- f Tamable if £ is torsion-free 
and there is an isomorphism £\u — > Ed- An isomorphism 0: £\d — > Ed will be called a 
(D, £d)- framing of E. A framed sheaf is a pair (£, 0) consisting of a (D, £o)-framable 
sheaf £ and a framing 0. Two framed sheaves (£, 0) and (£', 0') are isomorphic if there is 
an isomorphism f : £ — > £' such that 0' o f\ D = 0. 

Let us remark that our notion of framing is the same as the one used in [HI [22], [21] , but 
is more restrictive than that of [9], where a framing is any homomorphism £ — > Ed, not 
necessarily factoring through an isomorphism E\d — * Ed- 

Our strategy to show that framed sheaves make up "good" moduli spaces will consist in 
proving that, under some conditions, the pairs (E, 0) are stable according to a notion of 
stability introduced by Huybrechts and Lehn [8, 9j. The definition of stability for framed 
sheaves depends on the choice of a polarization H on X and a positive real number 5 (in our 
notation, S is the leading coefficient of the polynomial 5 in the definition of (semi)stability 
in 

Definition 2.2 ([HIE])- A pair (£,0) consisting of a torsion-free sheaf £ and its framing 
0: E\d — > Ed is said to be (H, 5) -stable, if for any sub sheaf Q C £ with < rk(? < rk£ ; 
the following inequalities hold: 

(1) — tttt; — < 1 ^ - when Q is contained in the kernel of the composition 

rk(Q) rk(£) 

£ — ► £\d^t^ Ed; 
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Cl (G)-H-5 Cl (S)-H-5 . 

z — 7— t < — — - otherwise. 

K ' rk(£) rk(£) 

Remark, that according to this definition, any rank-1 framed sheaf is (if, <5)-stable for 
any ample H and any 5 > 0. 

We shall need the notion of a family of such objects. A family of (D, £o)-framed sheaves 
on X parametrized by a scheme S of finite type is a pair (Q, <p) which satisfies the following 
conditions: 

(1) Q is a sheaf onlxS flat over S; 

(2) <f) is a (D x S, pr x * £ D ) -framing for Q. 

For any sheaf T on X, P^ denotes the Hilbert polynomial P^ (k) = x{T ® Ox(kH)). 
For a non-torsion sheaf T on X, fi H denotes the slope of T: ^ H {F) = 61 — . 

Theorem 2.3 ([HI [9]). Let X be a smooth projective variety, H an ample divisor on X 
and 5 a positive real number. Let D C X be an effective divisor, and Ed a sheaf on D. 
Then there exists a fine moduli space OJl = OJl^(P) of (H, S) -stable (D, Sr,)-framed sheaves 
(£, (p) with fixed Hilbert polynomial P = Pf , and this moduli space is a quasi-projective 
scheme. 

Since we are using slope stability, and a more restrictive definition of framing with respect 
to that of [H [9], our moduli space 9Jtf (P) is actually an open subscheme of the moduli 
space constructed by Huybrechts and Lehn. 

The adjective "fine" means the existence of a universal framed sheaf in the following 
sense: there is a (D x 9Jt, pr!* ^)-framed sheaf (I4,ij)) on X x 9Jt, flat over 071, with 
the property that for every family (G,4>) of (D, ££))-framed sheaves on X parametrized 
by a scheme of finite type S over C, there exist a unique morphism g: S — > 9Jt and an 
isomorphism of sheaves a : Q-^ (id xg)*tl such that (id xg)*i^ o a.\ DxS — <t>- 

Another general result on framed sheaves we shall need is a boundedness theorem due 
to M. Lehn. Given X,D,£ D as above, a set M. of (D, £t))-framed pairs (£,</>) is bounded 
is there exists a scheme of finite type S over C together with a family (£?, <fi) of (D,Sd)- 
framed pairs over S such that for any (£,(/)) G A4, there exist s £ S and an isomorphism 
ct s : s -^-> £ such that (f) s = o a; s m Xs . 



Definition 2.4. Let X be a smooth projective variety. An effective divisor D on X is 
called a good framing divisor if we can write D = Yl n iDi, where Di are prime divisors 
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and rii > 0, and there exists a nef and big divisor of the form ^aj-Dj with di > 0. For a 
sheaf 8 d on D, we shall say that £d is a good framing sheaf, if it is locally free and there 
exists a real number A , < A < \D 2 , such that for any locally free sub sheaf T C £d of 
constant positive rank, ^^degc^jF) < deg c\(£d) + A . 

Theorem 2.5. Let X be a smooth projective variety of dimension n > 2, H an ample 
divisor on X , D C X an effective divisor, and £d a vector bundle on D. Assume that D 
is a good framing divisor. Then for every polynomial P with coefficients in Q, the set of 
torsion-free shaves £ on X that satisfy the conditions Pf = P and £\d — £d is bounded. 

This is proved in [H], Theorem 3.2.4, for locally free sheaves, but the proof goes through 
also in the torsion-free case, provided that £d is locally free, as we are assuming. 

3. QUASI-PROJECTIVE MODULI SPACES 

Using the notions introduced in the previous section, we now can state the main existence 
result for quasi-projective moduli spaces: 

Theorem 3.1. Let X be a smooth projective surface, D C X a big and nef curve, and 
£d a good framing sheaf on D. Then for any c G H*(X, Q), there exists an ample divisor 
H on X and a real number 5 > such that all the (D,£d) -framed sheaves £ on X with 
Chern character ch(£) = c are (if, 5) -stable, so that there exists a quasi-projective scheme 
9Jtx(c) which is a fine moduli space for these framed sheaves. 

Proof. Let us fix an ample divisor C on X. Set Ox{k) = Ox(kC) and £(k) = £ <g> Ox{k) 
for any sheaf £ on X and for any k G Z. Recall that the Castelnuovo-Mumford regularity 
p(£) of a sheaf £ on X is the minimal integer m such that h l (X,£{m — i)) = for all i > 0. 
According to Lehn's Theorem (Theorem 12 . 5D . the family M. of all the sheaves £ on X with 
ch(£) = c and £\d — £d is bounded. Hence p(£) is uniformly bounded over all £ G M.. 
By Grothendieck's Lemma (Lemma 1.7.9 in [ID]), there exists A\ > 0, depending only on 
£d, c and C, such that n c {T) < p°{£) + A 1 for all £ G M. and for all nonzero subsheaves 
T d £. 

For n > 0, denote by H n the ample divisor C + nD. We shall verify that there exists a 
positive integer n such that the range of positive real numbers 5, for which all the framed 
sheaves £ from M. are (H n , <5)-stable, is nonempty. 
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Let T C £, < r' = rk T < r = ik£. Assume first that T <£. ker {£ — > £\ D ) . Then the 
(H n , <5)-stability condition for £ reads: 



Saturating J 7 , we make [i Hn (T) bigger, so we may assume that T is a saturated subsheaf 
of £, and hence that it is locally free. Then T\n C £\d and we have: 



(2) ii Hn {F) = - deg Cl {F\ D ) + fi c (F) < fi H -(£) + nA + A 1 . 
Thus we see that (j2J) implies (JTJ) whenever 

(3) ^Mo + ^i) < S. 



Assume now that T is a saturated, and hence locally free subsheaf of ker {£ —>■ £\ D \ 
£(—D). Then the (H n , 5) -stability condition for £ is 



(4) 



--5, 
r 



and the inclusion J-(D) C £ yields: 

(5) fi Hn (f) < /i Hn {£) - H n D + nA + A x = fi Hn {£) - {D 2 - A )n + A 1 - DC. 
We see that (jSj) implies (jlj) whenever 

5 < r[(D 2 - A )n - A x + DC}. 

for all r' = 1 , . . . , r — 1 have a nonempty interval of common 

rA x - CD 



(6) 

The inequalities 
solutions S if 



n > max 



D 2 - rA 







□ 



Remark that up to isomorphism, the quasi-projective structure making Wlx(c) a fine 
moduli space is unique, which follows from the existence of a universal family of framed 
sheaves over it. 

If D is a smooth and irreducible curve and D 2 > 0, then our definition of a good framing 
sheaf with A = is just the definition of semistability. The following is thus an immediate 
consequence of the theorem: 
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Corollary 3.2. Let X be a smooth projective surface, D C X a smooth, irreducible, big 
and nef curve, and Sd a semistable vector bundle on D. Then for any c G H*(X, Q), there 
exists a quasi-projective scheme Wlx(c) which is a fine moduli space of (D,Sd) -framed 
sheaves on X with Chern character c. 

4. Infinitesimal study 

Let X be a smooth projective variety, D an effective divisor on X, ^ a vector bundle 
on D. We shall consider sheaves S on X framed to Sd on D. We recall the notion of a 
simplifying framing bundle introduced by Lehn. 

Definition 4.1. Sd is simplifying if for any two vector bundles S, S' on X such that 
S\d — S' D ~ Sd, the group H°(X ,Hom(S , S')(—D)) vanishes. 

An easy sufficient condition for Sd to be simplifying is H°(D, Snd(SD)®Ox(—kD)\ D ) = 
for all k > 0. 

Lehn jT4] proved that if D is good and Sd is simplifying, there exists a fine moduli space 
Wl of (.D, £D)-framed vector bundles on X in the category of separated algebraic spaces. 
Liibke [15] proved a similar result: if X is a compact complex manifold, D a smooth 
hypersurface (not necessarily "good") and if Sd is simplifying, then the moduli space 971 
of (D, £D)-framed vector bundles exists as a Hausdorff complex space. In both cases the 
tangent space T^Tl at a point representing the isomorphism class of a framed bundle S 
is naturally identified with Snd(S)(—D)) , and the moduli space is smooth at [£] if 

H 2 (X,Snd(S)(—D)) = 0. Liibke gives a more precise statement about smoothness: [S] 
is a smooth point of Wl if H 2 (X,Snd (S)(—D)) = 0, where Snd denotes the traceless 
endomorphisms. Huybrechts and Lehn in [8] define the tangent space and give a smooth- 
ness criterion for the moduli space of stable pairs that are more general objects than our 
framed sheaves. In this section, we adapt Liibke's criterion to our moduli space Wlx{c), 
parametrizing not only vector bundles, but also some non-locally-free sheaves. When we 
work with stable framed sheaves, we do not need the assumption that Sd is simplifying. 

We shall use the notions of the trace map and traceless exts, see Definition 10.1.4 from 
[TO] . Assuming X is a smooth algebraic variety, T any (coherent) sheaf on it, and M a 
locally free sheaf (of finite rank), the trace map is defined 



(7) 



tr : Ext^J* 7 , T ' ® JV) -> H\X,N) , i G Z, 
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and the traceless part of the ext-group, denoted by Ext l (^-", T ® AT)o, is the kernel of this 
map. 

We shall need the following property of the trace: 

Lemma 4.2. Let — ^ T ^ Q ^ E — > be an exact triple of sheaves and J\f a locally free 
sheaf. Then there are two long exact sequences of ext-functors giving rise to the natural 
maps 

Hi : Ext^, £ ® TV) -> Ext m (£, £ ® M) , 
n : Ext*^, £®N)^ Ext l+1 (J^, T ® M) , 
and we have tr o fa — — (l) 4 tr o n as maps Ext^^ 7 , £ ®J\f) — > H l+1 (X,Af). 

Proof. This is a particular case of the graded commutativity of the trace with respect 
to cup-products on Horns in the the derived category (see Section V.3.8 in [11]): if £ £ 
Hom(JT, f (g)7V[z]) 5 rj G Hom(£ , , then tr(£or?) = (-l) l -?tr ((77 g> id^) o £). This should 
be applied to £ G Hom(jF, £ ®J\f[i]) and 77 = d G Hom(£, JF[1]), where d is the connecting 
homomorphism in the distinguished triangle associated to the given exact triple: 

£[-l] ^F^G^£^F[l\. 

□ 

Theorem 4.3. Let X be a smooth projective surface, D C X an effective divisor, £d a 
locally free sheaf on D, and c G H*(X,Q) the Chern character of a (D, Ed) -framed sheaf 
£ on X . Assume that there exists an ample divisor H on X and a positive real number 
5 such that £ is (H,5)-stable, and denote by 9Jix(c) the moduli space of (D,Sd)- framed 
sheaves on X with Chern character c which are (H, 5) -stable. Then the tangent space to 
Wlx(c) is given by 

T [E] m x (c) = Ext\£,£ ® O x (-D)), 
and DJlx(c) is smooth at [£} if the traceless ext-group 

Ext 2 (£,£®O x (-D)) = ker [tr : Ext 2 (£ , £ ® O x {-D)) -> H 2 (X, 0(-D)) ] 

vanishes. 

Proof. We prove this result by a combination of arguments of Huybrechts-Lehn and Mukai, 
so we just give a sketch, referring to [HI [[6] for details. As in Section 4.iv) of [8], the 
smoothness of 971 = 9Jt^(c) follows from the T 1 -lifting property for the complex £ — > Ed- 
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Let A n = k[t]/(t n+1 ), X n = X x SpecA n , D n = D x SpecA„, £ Dn = £ D M A m and let 
£ n £d u be an A n -flat lifting of £ — > £d to X n . Then the infinitesimal deformations 
of a n over k[e}/(e 2 ) are classified by the hyper-ext Ext 1 (E n , E n £d„), and one says that 
the TMifting property is verified for £ — > if all the natural maps 

T n x : Ext 1 ^,^ ^ E Dn ) - Ext 1 ^-!,^-! ^ ^„_J 

are surjective whenever (£ n ,a n ) = (£ n -i,a n -i) mod (t n ). In loc. cit., the authors remark 
that there is an obstruction map ob on the target of which embeds the cokernel of 
into Ext 2 (£,£ — > Ed), so that if the latter vanishes, the T 1 -lifting property holds. 

In our case, E is locally free along D, so the complex E — > Ed is quasi-isomorphic to 
E(—D) and Kxt l (E,E — > £d) = Ext l (£, £(— -D)). It remains to prove that the image of 
ob is contained in the traceless part of Ext 2 (£, £{— D)). This is done by a modification of 
Mukai's proof in the non-framed case. 

First we assume that £ is locally free. Then the elements of Ext 1 ^-!, E n -i(— D n -\)) 
can be given by Cech 1-cocycles with values in £nd(£ n _i)(— D n _i) for some open 
covering of X, and the image of such a 1-cocycle (a^) under the obstruction map 
Ext 1 (^ n _i, £„_i(— D n -i)) — > Ext 2 (£, £(—D)) is a Cech 2-cocycle with values in 

£nd(£)(—D). A direct calculation shows that (trc^fc) is a Cech 2-cocycle with values 
in Ox(— D) which is the obstruction to the lifting of the infinitesimal deformation of the 
framed line bundle det£ Tt _i from A n _i to A n . As we know that the moduli space of line 
bundles, whether framed or not, is smooth, this obstruction vanishes, so the cocycle (trc^) 
is cohomologous to 0. 

Now consider the case when £ is not locally free. Replacing £,£d by their twists £(n), 
£o(n) for some n > 0, we may assume that H l (X, £) = H l (X, £(—D)) — for i — 1, 2 and 
that £ is generated by global sections. Then we get the exact triple of framed sheaves 

- (G, 7 ) - (H°(X, £)®O x ,(3)^ (£, a) -> 0, 

where Q is locally free (at this point it is essential that dimX = 2 and X is smooth). Then 
we verify the T 1 -lifting property for the exact triples 

- (Gn, In) - (0% n ,P n ) - (£n, «n) - 0. 

The infinitesimal deformations of such exact triples are classified by Rom(Q n ,£ n (—D n )), 
and the obstructions lie in Ext 1 (^, £[— D)). We have two connecting homomorphisms 
/i! : Ext\g,£(-D) -> Ext 2 (£,£(-D)) and n : Ext 1 ^, £(—D) -> Ext 2 (£, £(-£>)). Our 
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hypotheses on £ imply that: 1) every infinitesimal deformation of (£ n , a n ) lifts to that 
of the triple, and 2) Hi is an isomorphism, that is, the infinitesimal deformation of £ n is 
unobstructed if and only if that of the triple is. By Lemma l4~2l tr(/ii(£)) = — tr(ri(£)) 
in H 2 (X, Ox(-D)). As in 1.10 of pi], n(0 is the obstruction ob(G? fl _i,7„_i) to lifting 
(G n -x, 7n-i) from A n _i to A n . As G„-i is locally free, we can use the Cech cocycles as above 
and see that tr (ti(£)) G H 2 (X, Ox(—D)) is the obstruction to lifting (det det7 n _i), 
hence it is zero and we are done. □ 

The following Corollary describes a situation where the moduli space Wlx(c) is smooth 
(hence, every connected component is a smooth quasi-projective variety). 

Corollary 4.4. In addition to the hypothesis of Theorem \4-3[ let us assume that D is 
irreducible, that [Kx + D) ■ D < 0, and choose a trivial bundle as framing bundle. Then 
the moduli space Wlx(c) is smooth. 

This happens for instance when X is a Hirzebruch surface, or the blow-up of P 2 at a 
number of distinct points, taking for D the inverse image of a generic line in P 2 via the 
birational morphism X — ► P 2 . In this case one can also compute the dimension of the 
moduli space, obtaining dim9Jtx(c) = 2rn, with r = rk(£) and 

c 2 (£) - T — —Ci{£) 2 = nuj, 
2r 

where w is the fundamental class of X. When X is the p-th Hirzebruch surface F p we shall 
denote this moduli space by fXR?(r, k,n) if ci(£) = kC, where C is the unique curve in F p 
having negative self-intersection. 

The next example shows that the moduli space may be nonsingular even if the group 
Ext 2 (£,£ <g> Ox(-D)) does not vanish. 

Example 4.5. For r = 1 the moduli space 971(1, 0,n) is isomorphic to the Hilbert scheme 
Xq 1 ^ parametrizing length n 0-cycles in X = X\D. Of course this space is a smooth quasi- 
projective variety of dimension 2n. Indeed in this case the trace morphism Ext 2 (£,£ ® 
Ox(-D)) -> H 2 (X,0(-D)) is an isomorphism. 

5. Examples 

5.1. Bundles with small invariants on Hirzebruch surfaces. Let X be the p-th 
Hirzebruch surface F p , and normalize the Chern character so that < k < r — 1. It has 
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been shown in [3] that the moduli space 9Jt p (r, k,n) is nonempty if and only if the bound 

n > N = — (r - k) 
2r y 1 

is satisfied. The moduli spaces Wl p (r, k, N) can be explicitly characterized: 9Jt p (r, k, N) 
is a rank k(r — k)(p — 1) vector bundle on the Grassmannian G(k,r) of /c-planes in C r 
[25] : in particular, 0Jt 1 (r, k, N) ~ G(k,r), and 9Jt 2 (r, k, N) is isomorphic to the tangent 
bundle of G(k,r). This is consistent with instanton counting, which shows that the spaces 
0Jt p (r, k,N) have the same Betti numbers as G(k,r) [3]. 

5.2. Rank 2 vector bundles on Fi. We study in some detail the moduli spaces 
9Jl 1 (2, k, n). As the analyses in [27] and [28] show, the non-locally free case turns out 
to be very complicated as soon as the value of n exceeds the rank. So we consider only 
locally free sheaves. To simplify notation we call this moduli space M(k,n), where n de- 
notes now the second Chern class. We normalize k so that it will assume only the values 
and —1. Moreover we shall denote by M{n) the moduli space of rank 2 bundles on P 2 , 
with second Chern class n, that are framed on the "line at infinity" ^ C P 2 (which we 
identify with the image of D via the blow-down morphism it: ¥% — > P 2 ). 

Let us start with the case k — — 1. We introduce a stratification on M{— 1, n) according 
to the splitting type of the bundles it parametrizes on the exceptional line E C Fi 

M(-l,n) = Z (-l,n) D Zi(-l,n) 3 Z 2 (-l,n) D ... 

defined as follows: if Z^{— l,n) = Z k (—l,n) \ Z k+1 (—l,n) then 

Z° k (-1, n) = {Se M(-l, n) \ E\ E ~ E (-k) © E (k + 1)} . 

Proposition 5.1. There is a map 

n 

F 1 : M(-l, n) -> JJ M(n - k) 

k=0 

which restricted to the subset Z%(—l,n) yields a morphism 

Z° k (-l,n)^M(n-k) 

whose fibre is an open set in Hom(a*£\E, Cb(A;))/C* ~ p 2fc +!^ made by k -linear forms that 
have no common zeroes on the exceptional line. 
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Proof. We start by considering Zq(— l,n). The morphism Z®(— l,n) — > M(n) is given by 
^1^5= (?!"*£)**. The fibre of this morphism includes a P 1 . To show that this is indeed 
a P 1 -fibration we need to check that E\ has no other deformations than those coming from 
the choice of a point in M(n) and a point in this P 1 . This follows from the equalities 

dim Ext 1 {£ u £ x (-E)) = dim Ext 1 (£ ,£(-4o) + 1 

Ext 2 (£i,£i(-£)) = 

Note that this result is compatible with the isomorphism 97t 1 (r, k, N) ~ G(k, r) mentioned 
in Section EH1 

In general, if £ x G Z%(-l,n) with k > 1, so that £ i]E ~ E [k + 1) © E (—k), the direct 
image ir*(£i(kE)) is locally free. This defines the morphism Z%(— l,n) — > M(n — k). □ 

We consider now the case k — 0. One has Zq(0, n) ~ M{n). We study the other strata 
by reducing to the odd case, f £\ £ ^(0, n), there is a unique surjection a: — > O e {— k); 
let T be the kernel. Restricting — > T — > £\ — > E (—k) -> we get an exact sequence 

-> C» £ (l - fc) -> ^ -> C» E (A;) -> 

so that 

T\ E ~ E (a + l) ®0 E {-a) with -A:<a<A;-l. 
A detailed analysis shows that a = k — 1. As a result we have: 

Proposition 5.2. For all k > 1 ^ere is a morphism 

Z° k (0,n) -> M(n -2fc + l) 
whose fibres have dimension 2k — 1. 
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